arXiv:math/9808005vl [math.DG] 3 Aug 1998 


ON SYMPLECTIC DOUBLE GROUPOIDS AND 
THE DUALITY OF POISSON GROUPOIDS * 

K. C. H. Mackenzie 
School of Mathematics and Statistics 
University of Sheffield 
Sheffield, S3 7RH 
England 

K.Mackenzie@shefField.ac.uk 
May 19, 1998 


Abstract 

We prove that the cotangent of a double Lie groupoid S has itself a double groupoid 
structure with sides the duals of associated Lie algebroids, and double base the dual of 
the Lie algebroid of the core of S. Using this, we prove a result outlined by Weinstein 
in 1988, that the side groupoids of a general symplectic double groupoid are Poisson 
groupoids in duality. Further, we prove that any double Lie groupoid gives rise to a pair 
of Poisson groupoids (and thus of Lie bialgebroids) in duality. To handle the structures 
involved effectively we extend to this context the dualities and canonical isomorphisms 
for tangent and cotangent structures of the author and Ping Xu. 
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In introducing the concept of Poisson groupoid, A. Weinstein |]^, §4.5] defined two Poisson 


groupoids on the same base manifold to be dual if the Lie algebroid dual of each is isomorphic 
to the Lie algebroid of the other, and described a programme for showing that, at least locally, 
Poisson groupoids in duality arise as the sides of a symplectic double groupoid. In |||] J.-H. 
Lu and Weinstein carried out this programme globally for Poisson groups, constructing for 
a Poisson Lie group G a symplectic double groupoid whose sides are G and the dual group 
G*. One purpose of the present paper is to explain for the first time the general process, 
underlying [1^, §4.5] and ]^], by which a symplectic double groupoid gives rise to a pair of 
Poisson groupoids in duality. 

One would expect such properties of symplectic double groupoids to emerge as a special 
case of the Lie theory for double groupoids proposed by the author. In fact, whereas the 
construction of the double Lie algebroid of a double Lie groupoid requires two steps [^, [pL|] , 
only the first is needed in order to understand the duality associated with a symplectic double 
groupoid. The key is the structure of the cotangent of a double Lie groupoid. 

The fundamental example of an ordinary symplectic groupoid is the cotangent groupoid 
of a Lie group and, more generally, the cotangent groupoid T*G^^A*G of any 
Lie groupoid G Af J]|]. At the same time this groupoid, as a Lie groupoid, provides a simple 
characterization of compatible Poisson structures on G: a Poisson structure Tr'^:T*G —> TG 
makes G a Poisson groupoid if and only if vr^ is a morphism from T*G A*G to TG =^TM 

i, 0, 8.1]. 

In §0 of the present paper we define a corresponding double structure on the cotangent 
of any double Lie groupoid [S] H,V; M). Here the side structures are AyS and A*^S, the 
duals of the Lie algebroids of the two groupoid structures on S. Using the duality theory for 
double structures of J. Pradines ]]d], and the notion of core for double groupoids introduced 
by R. Brown and the author ]^, each of these is itself a groupoid over A*G, where C is the 
core of S. 

This result has two immediate consequences in It allows us to handle symplectic 
double groupoids S, and more generally Poisson double groupoids, in terms of the structure 
on T*S\ we prove {23) by diagrammatic methods that the side groupoids of a symplectic 
double groupoid are Poisson groupoids in duality and that the core of the double groupoid 
provides a symplectic realization of the double base. Secondly, for any double Lie groupoid S 
we can take T*S itself as a symplectic double groupoid and it follows that the Lie algebroid 
duals AyS and A*jjS are themselves Poisson groupoids in duality ( |2.12 ). We will show in 01 
that this result is of crucial importance in understanding general double Lie algebroids. 

In ^ we are ultimately concerned to extend the known duality between Lie algebroids 
and Poisson vector bundles Q to £.A-groupoids and what we call 'PVB-groupoids. This 
unexpectedly difficult result ( 3.14 ) is needed in To work with a Poisson structure on 


a VB-groupoid requires the cotangent of the VB-groupoid and this has a triple structure 
which is not straightforward. To handle this we extend to general VB-groupoids the dualities 
and canonical isomorphisms associated with the tangent and cotangent structures of a Lie 
groupoid which were introduced by the author and Ping Xu in jl^] and ]|l3l]. In the process 
we obtain (]3.9|) a concrete description of the duality between the two bialgebroids of a double 


Lie groupoid; this will be important in j]Tl]]. 

An early version of the material of this paper was presented at the Groupoidfest at Berkeley 
in 1997. I am grateful to Alan Weinstein and Ping Xu for comments there, and to Johannes 
Huebschmann for conversations at the December 1997 Workshop at Warwick. 
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1 THE COTANGENT DOUBLE GROUPOID 


We begin by recalling the notion of dual for V0-groupoids due to Pradines A V0-groupoid 
(n;G, A;M) (see also 1^, §4]) is a double Lie groupoid in which two opposite structures are 
vector bundles; 

q 

n -> G 


a,13 (1) 

A -> M, 

q 

that is, O is a vector bundle over G, which is a Lie groupoid over M, and is also a Lie 
groupoid over A, which is a vector bundle over M, subject to the condition that the structure 
maps of the groupoid structure (source, target, identity, multiplication, inversion) are vector 
bundle morphisms, and the “double source map” (q, 5): O —> G ^ A is a surjective submersion. 

The core iL = {^ G | a{^) = 0^, q{C) = Imi 3m G M} of is then a vector bundle 
over M under the restriction of the vector bundle operations on Q.. (Here one can also regard 
n as an £A-groupoid, as in 1^, §5], in which both Lie algebroid structures are zero.) 

Let Q.* be the dual of as a vector bundle over G. Define a groupoid structure on Cl* 
with base K* as follows. Take <1> G fl* where g G G'^. Then the source and target of 4> in 
and iL* respectively are 

(5*($),fc) = (4>,-4A:-1), fcGiL^, (^.($),fc) = (d>,A:0g), k ^ K^. (2) 

For the composition, take 'L G with 5*(T) = /3*(<1>). Any element of Clhg can be written as 
a product rj^ where rj £ Qh and ^ £ Clg. Now the compatibility condition on 'L and <1> ensures 
that 

= + (3) 

is well defined. The identity element of D* at 0 G is 1$ £ defined by 

(^eAx + k) = {9,k), (4) 

where any element of can be written as lx + ^ for some X £ Am and k £ Km- 

It is straightforward to check that (D*; G, K*; M) is a VH-groupoid, the dual VB-groupoid 
to D. The core of Cl* is the vector bundle A* —> M, with the core element corresponding to 
ip £ Am being p £ defined by 

{p,Tx + k) = {p,X + dA{k)) (5) 

for X £ Am, k £ Km- Here Ba'-K —> A is the restriction of /3: D —> A; it is a vector bundle 
morphism over M (see i §5]). 

Note that the dual of Q* identifies canonically with D as a VH-groupoid, the signs in (^) 
cancelling. The d map A* K* for Cl* is d\. 

Now consider a morphism of VH-groupoids which preserves the lower groupoids: 

(F; idc, /; idM): {Cl; G, A, M) ^ (D'; G, A'; M) 

and denote the core morphism K ^ K' hy fx- The proof of the following result is simple. 
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Proposition 1.1 The dual morphism F*: Q'* ^ Q* is a morphism of the dual VB-groupoids, 
with base map —> K* and core morphism f*:A'* A*. 


The two basic examples are the tangent and the cotangent Vi3-groupoids of a Lie group- 
oid. For any Lie groupoid G M, the tangent groupoid has a V;B-groupoid structure 
{TG; G,TM-, M) with core AG —> M. The map d\ AG —^ TM is the anchor a of AG. 

Taking the dual gives the cotangent groupoid {T*G;G, A*G; M) of or [iA], Here the 
source and target maps are given for ^ gT*G hy 


amX) = ^T{Lg){X - r(l)(a(X))), m{Y) = ^T{Rg){Y)), 


( 6 ) 


where X G AagG, Y G ApgG] thus «(<!>) G A*^gG and /?(<!>) G ^pgG. Here Lg and Rg are the 

left and right translations in G. If 'L G T^G and 5(T) = /3(<1>) then ah = f3g and we dehne 
Tch G T^gG by 

(^$)(y .x) = ^(y)+ $(x), Y€ThG,xeTgG. (7) 

If G A'^G, then the identity element over (/J is G Tf^G de fin ed by l;^(T(l)(x) + X) = 
(p{X) for X G AmG, X G Tm{M). The core is T*M, where uj G Tf^{M) dehnes the core 
element tJ G given by tJ(T(l)(x) + X) = uj{x + a{X)) for x G X G A^G. 

Lastly, the map d:T*M —> A*G is a*. This is precisely the cotangent structure as used in 

0 §7]. 


4^ 

Example 1.2 If now is a Poisson groupoid, the Poisson tensor 'Kq-.T*G —> TG is 

a morphism of VH-groupoids with respect to the base maps idc and A*G TM (see |||] 
or [12, 8.1]). It now follows from 0 and from the skewsymmetry of tTq, that the core map 


of tTq is —a* 


We turn now to the double cotangent groupoid. Consider a double Lie groupoid {S] H, V ; M) 
as dehned in jj^, §2]. Thus S has two Lie groupoid structures, a horizontal structure with base 
V, and a vertical structure with base iL, where both V and H are Lie groupoids on base M, 
such that the structure maps of each groupoid structure on S are morphisms with respect to 
the other. We display M) and a typical element as in Figure [I]. It is further assumed 

that the double source map (5\/, an)'- S' —> 77 x H is a surjective submersion. 


an^fdn ~ 

S -4 V /^v(s) 







av,(3v 


avjfdv 

Pnis) 

s 


an, (3H 


av{s) 


anis) 


Figure 1: 
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The core C of S' is the manifold of elements c € S with auic) = 1^; Sy(c) = for some 
m G M. Thc^core has a groupoid structure over M with source ac{c) = ay(5_H'(c)), target 
Pc{c) = (SviPnic}), and composition 

c'sc = (c'mB c = (c' BT^) m c 

where V 2 = f3H{c), /12 = (5v{c)- The identity of C at m G M is 1^ = 1^ and the inverse of 
c G C is 

,-i(c) ^ ^-HH) g m , (8) 

where v = Pnic) and h = /3y(c). With this structure the maps dn'-C ^ H, c Pv(c) and 
dy\C —> ct—^ Ph{c) are morphisms over M. See [||, §2] or |^, §2, p.l97]. 

Applying the Lie functor to the vertical structure S H yields a Lie algebroid AyS 
H; because the Lie functor preserves pullbacks, the horizontal groupoid prolongs 

to a groupoid structure AyS AV. These two structures, shown in Figure ^(a), together 
constitute what we called in |^, §4] an £^-groupoid. Similarly we can take the horizontal 
Lie algebroid AhS ^ y; it is a groupoid over AH as in Figure |^(b). An CA-groupoid is a 


A{aH),A{l5H) Qh 


AyS ::::::: := AV AffS -> V 



Figure 2: 


(b) 


V;B-groupoid as in (jl]) in which both Q ^ G and A ^ M have Lie algebroid structures and 
each of the groupoid structure maps is a Lie algebroid morphism. Each A: G FAT induces a 
section k G FcO where k{g) = k{Pg)0g; de fin e a bracket on FAT by [k,£] = [k,i]- Then K is 
a Lie algebroid on M with anchor ax = a o Oa, and both Oa and the restriction Bag of the 
anchor a:Q ^ TG to A' —> AG, are Lie algebroid morphisms. In particular ax = bag o Qag 
also. See ||^, §5]. 

We quote the following result from [IT, 1.6]. 


Theorem 1.3 Let (A; H, V ; M) be a double Lie groupoid with core groupoid C. Then AG, the 
Lie algebroid of C, is canonically isomorphic to both the core Lie algebroid of the CA-groupoid 
AyS and the core Lie algebroid of the CA-groupoid AfjS. 


The two groupoid structures on S give rise to two cotangent groupoid structures on T*S, 
one over A’^S and one over AyS. In turn, since both AhS and AyS are V;B-groupoids with 
core AC, the duals A*jjS and AyS both have groupoid structures on base A*C. 
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Theorem 1.4 With the structures just described, T*S is a double Lie groupoid 

a*H, P*H 

T*S Aj^S 

oi*Vi(^*v 

^ A*C 

We omit the proof of this, in favour of the proof of the following theorem. The proof of O 
is a long but straightforward verification, using the groupoid structures dehned in (^)—@ 
on the side groupoids and, on T*S, the cotangent groupoid structures (^). 

The following theorem is somewhat surprising, in that the cotangent behaves as if it were 
covariant. 

Theorem 1.5 The core groupoid of (||) is naturally isomorphic with the cotangent groupoid 
T*C A*C of the core of S. 

Proof. Define a map E: TqS TC which sends each vector tangent to S' at a point of the 
core, to a vector at the same point tangent to the core itself. Take c G C with v = dv{c), h = 
dnic), where v G Vm, h G Hm- Represent an element ^ G TcS as 

X 


X 


y 

where X = T{aH){i) ^ ^ ~ = T{aH){W) G T^M , et cetera, and define 

E{0 = c - T{L^)T{1^){X - Til^){x)) - T(Lf )r(F)(y - T(l^)(z)), (10) 

where and denote left translation in the two groupoid structures on S. 

Take a G TfC and define S G TfS by S(^) = a{E{f,)), ^ G TcS. We must show that S 
is a core element. Denote 5*v'(5^) £ ^yS'l^n by p, and a*H(p) G A^C by 9. Then for all 
k G AmC, 

{e,k) = -p{T{TH){k)) = T{T{L^)T{Tv)T{TH){k)) 

where Th and Ty are the two inversions in S. 

We first prove that p = . Take any ^ = A{1^){X) + k G AvS\i^ where X G AmV, k G 

AmC. Then Ig'^(C) = {9,k) and p{f,) = —Ti{T{L^)T(lv){€))- Now although it is natural to 
consider k as an element of AyS in this context, it may also be regarded as an element of 
AhS and we then get 

T{rH){k)=T{l^){Z)-k 

where Z = dAy{k). Next, applying E to T{L^)T(Ty)T{l^){Z), or equally with X in place 
of Z , gives 0 G TcC , where we use Ty oW = o by . Putting these together, the equation 
for p follows. 


w 



0'^,y,(5^,y 


A*yS 
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We must also prove that 6 G is the source of a with respect to : 

k G AmC the above shows that 

(0,A:) = -S(T(L,^)r(ry)(A;)). 

Calculating E of the argument on the right hand side, we obtain 

nL^)T{Tv){k) +T{L!f)T{l^){T{l^){aHW) - W), 

where W = dAnik). Write k = where the curve ct in C is of the form 


■ A*C. For 


vt 





.-i(V') 


and the second is ^cll]l|f_i 


( 11 ) 


. The sum is therefore 


Then the first term in (|ll]) is 
the derivative of the product shown in Figure y, and in terms of the multiplication □ and 


0 


c 


7V 



.-iW) 




Figure 3: 

the inversion c i—> in C M, this product is cHc^ (see (§)). The derivative is 

therefore T{L^)T{ic){k) and so we have {0,k) = {a^c{^)^k). 

The proof that 5*^(5^) = Ig^ now follows in the same way. One likewise checks that 
/3*c(c’') = P*h{P*v{'^)) and that the multiplications correspond. 

This proves that a S is an isomorphism into the core of T*S. We leave the reader to 
check that the image is the whole of r*C. ^ 

In point of fact, T*S is a triple structure, each of its four spaces being also a vector 
bundle over the corresponding space of [S] H,V; M), and all the groupoid structure maps 
being vector bundle morphisms. We will return to this in §§. 

2 SYMPLECTIC DOUBLE GROUPOIDS AND POISSON DOU¬ 
BLE GROUPOIDS 

As with ordinary groupoids, it is actually easier to study symplectic structures by specializing 
from the Poisson case. In what follows we will repeatedly use the following simple result. 
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Proposition 2.1 (i). Let {ip;ipH,L’v]L'M)- {S', H,V; M) —> {S'H',V'M') he a morphism 

of double groupoids with core morphism (fc'-C C. Then d'^ o ipc = ‘PH ° dn and 

d'y o ipc = pv ° dv ■ 

(ii). Let {p;pg,PA',Pm)-{^',G,A',M) —> {id'',G',A'',M') be a morphism of CA-groupoids 
with core Lie algebroid morphism Pk'-K K'. Then d'^Q o = A{pq) o Sag and 
d'^o PK = PAO Qa- 


Definition 2.2 A Poisson double groupoid is a double Lie groupoid {S',7i,V; P) together 
with a Poisson structure on S with respect to which both groupoid structures on S are Poisson 
groupoids. 


For the theory of ordinary Poisson groupoids, see ||T^], \VT\, |]^|, |^] and, for Lie bial- 

gebroids, [^. For a Poisson groupoid G P we take the Poisson structure on the base to 

1 # 

be Tip = a 


o a* = — a o a*. This convention (used in 
but is necessary in order that the two d maps a*:T*P 
cotangent £.4-groupoid be Lie algebroid morphisms: see |l^ 


|) is opposite to that used in 
■ A*G and —aZ'.T*P —> AG of the 


The two Poisson groupoid structures on S induce maps 0*7^: AyS TTL and a*v: ■^*hS 
TV, the anchors for the Lie algebroid structures on the duals of AyS —s- TL and AhS —s- V, 

jp. 

with respect to which vrj: T*S —> TtS is a morphism of each of the two groupoid structures on 
T*S. Prom the following result it follows that vr^ is actually a morphism of double groupoids 
over a map A*C TP. 


Lemma 2.3 Let {S', H,V; M) and {S'', H',V'', M') be double Lie groupoids and let p: S ^ 
S', ph'-H —>■ H' and py.V V' he maps such that {p,ph) and {p,pv) are morphisms of 
the two ordinary groupoid structures on S and S'. Then there is a unique map pm'-M M' 
such that {p;ph,pv',Pm) is a morphism of double groupoids. 

Proof. Take m G M . The double identity 1^ can be written both as and as . Its 
image under p is therefore an identity for both top structures on S', and must therefore be a 
double identity ^ 1 ®° follows that pn, Tv and pM commute with the source and 

target projections. 

Now since t{^X) — all h G Ff and ~ ^Xih 2 compatible hi, /12 G 

H, it follows that pu is a morphism over pM- Similarly for pv- ■ 

Returning to the Poisson double groupoid S, the bases TL and V acquire Poisson structures 

/ j i j 

which we take to be tt^ = o Oy and vTy = a*v ° We will prove below that TL and V 
are Poisson groupoids with respect to these structures. 

First note that the core morphism T*C —> TC of defines a Poisson structure on C; 
denote this by vr^. The core morphism is a morphism of groupoids over a*c: A*C TP and 
it follows that C P is a Poisson groupoid. Give P the Poisson structure vTp = a*c o oj 
induced from C. 

Since Sy TL is & Poisson groupoid, its Lie algebroid dual AyS has a Lie algebroid 
structure with anchor 0 * 7 ^. Similarly A*C has a Lie algebroid structure with anchor a*c- The 
next result will be proved at the end of §^. 






Theorem 2.4 With respect to these structures {AyS;H, A*C; P) is an CA-groupoid. 

We may therefore consider both T*S and T5 to be triple structures as in Figure to 
be precise, they are double groupoid objects in the category of Lie algebroids. We call snch 


T*S A*jjS TS TV 




(a) (b) 

Figure 4: 

structures CA-double groupoids. The three double structures which involve T*S oi TS we call 
the upper faces or upper structures, the other three being the lower faces or lower structures. 
That vr^ respects all twelve ordinary structures follows from the hypothesis and basic results 
for ordinary Poisson groupoids. 

In what follows we will use the following resnlt repeatedly. The proof is straightforward. 


Proposition 2.5 (i). The core of each upper face in an CA-double groupoid is a Lie group¬ 

oid or Lie algebroid over the core of the opposite lower face, and forms an CA-groupoid 
with respect to the structures of the bases of the two cores. 

(ii). The restriction of a morphism of CA-double groupoids to the core of an upper face is a 
morphism of CA-groupoids. 


The map d^.fi'.AyS TTL is a morphism of the >C^-groupoids which form the bottom 
faces in Fignre the other maps being a^c'-A*C —> TP and id->^. Its core map A*V —> AH is 
therefore a morphism of Lie algebroids: denote it by D-j-i. 

By i §4-§5], the anchor ay: AyS —>■ TH is a morphism of /l.A-groupoids over ay. AV —> 
TP and id-^, with core morphism dAn -—> AH. Its dual dy'.T*H —> AyS is therefore, by 
Ll|, a morphism over A*H —> A*C and id^^^, with core map ay\T*P ^ A*V. It follows 

that o Oy is a morphism of groupoids over ay o A*H TP; since it is also a 

morphism of Lie algebroids over H, it is a morphism of £^-groupoids, and the core morphism 
is D-n o ay:T*P —> AH. This proves the first part of the following theorem. 

Theorem 2.6 With the induced structures, H^=^P is a Poisson groupoid with 

a^T-C = ay o = —oy o D^. 
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The induced Poisson structure on P coincides with that induced by C. 


For the last statement, recall (as part of |L^ , or see [g, §5, p.230]) that ac = a-}^ o Oah- 
Hence a*c ° o-c ~ ° o o a^. The second equation for follows by noting 

_j4. 

that the core map for is O Oy and the negative dual of this is equal to the base map, 

by O- 

The same process can be carried out with Ti and V interchanged. We now have two Lie 
algebroid morphisms, Dji: A*V —> AH and D\>: A*H —> AV, defined as the cores of 0 * 7 .^ and 
a*v respectively. 


Proposition 2.7 = —Dji. 


Proof. We can regard a*v as the base map for the cotangent T.4-groupoids which form the 
top faces of Figure From it follows that the core map for these faces is —a*y:T*V —> 

the cores of the top faces of Figure § are groupoids over the cores 

by 0 , the negative dual of the 


2.5, 


At-cS. In turn, as in 
of the bottom faces. The base map A*V 


AH for —a*y is. 


core map of a*v; that is, it is —D^. 

By the commutativity properties of the triple structures, one can see that the base map 
of the core map of the top faces is the same as the core map for the bottom faces. But the 
core map for the bottom faces is D-}^. ^ 


For any Lie algebroid A, let A denote the same vector bundle with bracket [X,Y\~ = 
— [X,Y] and anchor a = —a. If now B = {A, A*) is a Lie bialgebroid, define the flip of B to 
be {A*, A). The flip of B induces on the base the same Poisson structure as does B. 

Proposition can now be restated: D\;:A*H —> AV is a morphism of Lie bialgebroids 


from {A*H,AH) to {AV,A*V). 

We now specialize to symplectic double groupoids, as considered in 
take the signs in each structure on S to be the same. 


@, in and g. We 


Definition 2.8 A symplectic double groupoid is a double Lie groupoid {S]H,V; P) together 
with a symplectic structure on S such that both groupoid structures on S are symplectic group¬ 
oids. 

_I4. 

Since vrj: T*S TS is an isomorphism of double groupoids, it follows that the base maps 
> TH and A*^S TV are £.4-groupoid isomorphisms, and hence their core 
maps Dt^-. —> AH and Dy: A*H ^ AV are Lie algebroid isomorphisms. Further, the core 

map TT^ : T*C — > TC of vr^ is an isomorphism, and so C P is a symplectic groupoid. This 
proves the following result. 


Theorem 2.9 Let {S]H,V; P) be a symplectic double groupoid with core C P. Then C is 
a symplectic groupoid realizing P and Dy:A*H AV is an isomorphism of Lie bialgebroids 
from {A*H,AH) to {AV,A*V). 


Define Lie bialgebroids {A, A*) and on the same base P to be dual if [A, A*) 

is isomorphic to {B*,B), and define Poisson groupoids G and G' on the same base to be 
dual if their Lie bialgebroids {AG,A*G) and {AG', A*G') are dual [^]. Then 2.9 shows that 
{AH, A*H) and (^V, A*V) are dual, and thus H P and V P are Poisson groupoids in 
duality. 
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Example 2.10 Let be any Poisson groupoid and let S = G x G have the double 

structure {S‘,G,P x P]P) of |W, §4.5] or jj^, 2.3]; thus 5* is a pair (Poisson) groupoid over G 
and over P x P it is the Cartesian square of G. 

Then AH = AG, AV = TP and Dy = a*, Dh = —at- When G is symplectic, Dh is the 
isomorphism T*P —> AG of ||3|, and {AG,A*G) is dual to {TP,T*P). 


Returning to a general symplectic double groupoid, the negative dual of 0 * 7 ^ gives an 
isomorphism of £>f-groupoids from A*H,H-, P) to AyS, the side maps being Dy and 

id-T^. In particular AyS AV may be identified with the standard symplectic groupoid 
T*TL A*TL, thus giving a symplectic realization of the linearized Poisson structure on AV. 

Now ^(—a*^): AT*H —> A^S is automatically an isomorphism of Lie algebroids over Dy, 
and is easily checked to also be an isomorphism over ATC, since both vertical structures are 
prolongations. Referring briefly to |10, 1.18], there is now an isomorphism 

A{-alH)°UHr"--T*An^A^S 


of double Lie algebroids. Here T*A7i has the cotangent Lie algebroid structure over ATL 
induced by the Poisson structure on ATL, and over A*7i it has the structure transported from 
the Lie algebroid of T*7i A*H via j!^: AT*TL —> T*A7i (see |jT2|, §7]). We have proved the 
following. 


Theorem 2.11 Let (5;P,V;P) he a symplectic double groupoid. Then the double Lie alge¬ 
broid A^S = A 2 S is canonically isomorphic to {T*{AlL)-,A7i,A*TL;P), and to 
{T*{AV);A*V,AV-,P), with the structures induced from the Poisson groupoid structures ofTi 
and V. 


Finally, for any double Lie groupoid S, consider the symplectic double groupoid S = T*S 
of 11.4 As a direct corollary of |2.9|, we have the following result. 

Theorem 2.12 Let {S] H,V; M) be a double Lie groupoid. Then AyS^^A*G and 
A*^S A*C are Poisson groupoids in duality. 


For the maps Dy and D-^ in this case, see | 

Theorem 2.12] provides, at least in principle, a wide class of examples of dual pairs of 
Poisson groupoids. Note that ]^] gives a construction principle for double groupoids S in 
terms of H, V and G, subject to conditions analogous to local triviality. 

It seems likely that, just as all Poisson manifolds which are compatible with a vector 
bundle structure are duals of Lie algebroids, so all dual pairs of Poisson groupoids which are 
suitably compatible with an additional linear structure will arise by an abstract version of 
2.12| . This will be investigated elsewhere. 


3 DUALITY FOR ^A-GROUPOIDS 


We must now prove Theorem |2.4 This is an unexpectedly complicated result, and we obtain 
it as an instance of a general duality which is clearer and no more difficult than |2.4 At the 
same time this duality reveals a great deal about the internal structure of £.4-groupoids and 
their Lie algebroids, and this will be crucial to |11]. 
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We begin with an extension to the general context of >Cw4-groupoids of the results of [|T^] 
and regarding pairings and dualities for tangent and cotangent bundles of vector bundles. 
In the case of double vector bundles, related results for duals have been given very recently by 
Konieczna and Urbahski Q; in particular their Theorem 16 corresponds to our Theorem 
Consider a double vector bundle 

Qh 

E -> 


qv 


qv 


E^ -^ M, 

qn 

as in i 11], with core qx'-K ^ M. Thus is a double Lie groupoid in which all groupoid 
structures are actually vector bundles. We can therefore apply the dualization process of 
Pradines as in §|I| to either structure on E. Taking the dual of the vertical structure gives a 
double vector bundle 

'W* ) 

W 

E*v -^ 


qv* 


qx* 


( 12 ) 


H 


E 


M, 


qn 


with core (E^)* —> M. Here E*^ —> E^ is the usual dual of a vector bundle. The unfamiliar 
projection E*^ K*, i—>■ k is defined by 

(13) 


{K,k) = (^>,0^ + k) 

where k G Km, d>:gy^(X) ^ M and X G E^. The addition + in E*^ —> K* is defined by 
the appropriate form of (|3[), namely 

+ + = + ( 14 ) 

and the zero above n G is Ok defined by 

{0<C^\0^ + k) = {K,k) 

where x G E^, k G Km- The scalar multiplication is defined in a similar way. The core element 
'll: corresponding to ij: € [Em)* is 


We call (|12|) the vertical dual of E. There is also of course a horizontal dual 

qu* 


E- 


*H 


E^ 




qv 


(15) 


K* -> M, 

qx* 
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with core (E^)* M, defined by corresponding formulas. The following result is now 
somewhat unexpected. 

Theorem 3.1 There is a natural (up to sign) duality between E*^ —> K* and E*^ —> K* 
given by 

(cl>,vI/) = (d/,0-($,0 (16) 

where ‘h € E*^, 'I' G E*^ have and (, is any element of E with 5V(0 = 

qv*{^) and qniO = 

The pairing on the LHS of (|T^) is over K* , whereas the pairings on the RHS are over E^ 
and E^ respectively. 

Proof. Let <1> and 'L have the forms (<1>;X, K;m) and x;m). Then ^ must have the 

form If rj also has the form {rj; X, x;m) then there is a fc G Km such that 

^ = n + (Oy + k), and so 

= (^,??) + (k, fc) 

by ([T|). By the interchange law |^, (2)] we also have ^ = r? + {Ox '(f k) and so 

Thus ( p^ is well defined. To check that it is bilinear is routine. 

Suppose <I>, given as above, is such that (<1>,T) = 0 for all 'L G {'^^^)~^{k). Take any 
if G {Em)* and consider 'k = + Tp. Then, taking ^ = 0^ we find = 0 and 

('k,^) = {(p,X). Thus {q^,X) = 0 for all (p G {Em)* and so kf = 0^. It follows [||, 1.2] that 

$ = _p ^ 

for some ip G {Em)*. Now taking any k G Km and defining = 0^ E k, we find that 

= {K,k) + {ip,x) and (T,0 = (k,A:). 

So {ip,x) = 0 for all x G Eff, since a suitable 'k exists for any given x. It follows that 
Ip = 0 € {Em)* and so <k is indeed the zero element over k. Thus the pairing ( |l^) is 
nondegenerate. ^ 


Example 3.2 Let E = TAhe the tangent double vector bundle of an ordinary vector bnndle 
{A, q, M) as in ||l^, §5]. Regarding TA ^ A as the vertical structure we have, in the notation 
of ll^, double vector bundles 

E*^ = T*A -> A* E*^ = T'A -> TM 



and 




- V.- 


A -> M A* -^ M 
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Recall also from ||T2|, §5] the canonical isomorphisms R-. T*{A*) —> T*{A) and I: T(A*) ^ T*A. 
This R is an isomorphism of double vector bundles over A and A*, and an antisymplectomor- 
phism, and I is an isomorphism of double vector bundles over A and TM. Using R and I the 
pairing of T*{A) and T*A which E induces can be transported to a pairing of T*{A*) and 
T{A*) and is then 

where T G T*{A*), A G T{A*), and ^ G TA has a suitable form. Now {1(A), is precisely 
the tangent pairing {(A,^)) of T{A*) and TA over TM, as in ||^, 5.3]. And the definition of 
R in ||l2[ (38)] is 

{E,A) + {R{E),0 = {{X,0) (17) 

where the first term is the standard pairing of T*{A*) and T{A*). It follows that the pairing 
of T*{A*) and T{A*) induced by E is precisely the standard one. 

Example 3.3 Continuing the preceding example, now take E = T*A, the double cotangent 
bundle. The two duals are 

E*v ^ ^ ^ {T*Ay -> A* 



and 




- 


A -> M TM -> M 


where (T* A)* denotes the dual taken with respect to the structure over A*. To represent this 
in more familiar terms, take the dual of R~^\T* A —> T*{A*) with respect to the structures over 
A*. Recalling that R induces —id: T*M ^ T*M on the cores, and using jl . Ij , it follows that 
{R~^)*:T{A*) —> {T*A)* sends elements of the form {A; ip, —x; m) to {{R~^)*{A); tp, x; m). 

Transporting the pairing induced hy E = T*A to a pairing of TA TM and T{A*) 
TM, we take elements (C,X, x; m) of TA and (A; ip, —x; m) of T{A*) and get, for (<h; X, ip; m) 
in T*A, 

a. A) = {{R-y*{A),^) - (e,$) = (R-'(d>), A) - (cl>,0 = ((A’,-0) - (^,-0 - 

where we applied ( p^ ) with ^ replaced by its usual negative {—^;X, —x;m). Thus the pairing 
induced by E between TA and T{A*) over TM is 

{^,A) = {{A,-0), 

the sign being an essential feature. 

Example 3.4 Let A, B and K be any three vector bundles on M. The manifold E = 
A(BB(BK may be regarded as the pullback of A ©AT to R and as the pullback of R0 AT to A, 
and with these structures is a double vector bundle over M with core K. Let ^ = X (B ip (B k 
be an element of E*^ = A (B B* (B K* and let 'k = (/? 0 a; 0 k be an element of E*^. Then 
taking any ^ = X0 x©A:GA, we find that 

= (pi^X) - {y,x). 
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Although we have proved that E*^ and E*^ are dual as vector bundles over K*, we have 
not yet considered the relationships between the other structures present. This is taken care 
of by the following result, whose proof is straightforward. 

Proposition 3.5 Let {D; A, ■, M) and {E] A, E'^] M) be double vector bundles with = 
E^ = A and with cores K and L respectively. Suppose given a nondegenerate pairing {,) of 
the vertical bundles D ^ A and E ^ A such that 

(i) . for all X G , i £ L, {0^,£) = {x,£), a nondegenerate pairing of and L over M; 

(ii) . for all k £ K, y £ E^, {k,0y) = {k,y), a nondegenerate pairing of K and E^ over M; 

(iii) . for all k £ K, £ £ L, {k,£) = 0; 

(iv) . for all di,d 2 £ D, ^ 1,^2 G E such that q^idi) = qH{d 2 ), gf (?i) = gf fe), qvidi) = 

gy( 6 ), qvid 2 ) = gy( 6 ), we have {di + ^ 2,6 + 6 ) = (^ 1 , 6 ) + (c? 2 , 6 ); 

(v) . for all d £ £ E such that qy{d) = qy{C) and all t £ M, we have {t ^ d,t ^ f) = 

t{d,0- 

(In all the above conditions we assume the various elements lie in compatible fibres over M.) 

Then the map F:D ^ E*^, {E{d)){f^) = (d, is an isomorphism of double vector bundles, 
with respect to id:A —> A and the isomorphisms —> L* and K —> {E^)* induced by the 

pairings in (i) and (ii). 


Applying this result to the pairing (16) of E*'^ and E*^, we find that the induced pairing 
of E^ and (E^)* is the standard one, but that of (E^)* and E^ is the negative of the 
standard pairing. Hence there is an unavoidable sign in the following result. 


Corollary 3.6 The pairing ( |l6|) induces an isomorphism of double vector bundles from 
{E*^; K*, E^; M) to {{E*^)*^; K*, E^; M) which is the identity on the side bundles K* and 
E^, but —id on the cores (E^)*. 

Now consider a VH-groupoid {Ll-,G,A;M) as in (||), and the double vector bundle 
(Afl; AG, A; M) obtained by applying the Lie functor to the two groupoid structures (see ||^, 
§1]). All the preceding results may of course be applied to A£l, but in this case more is true. 
Denote the vertical dual of [ALl] AG, A] M) by {A*Ll; AG, K*-, M). 


Proposition 3.7 The double vector bundles {A*Ll; AG, K*-, M) and {A{Q*)-, AG, K*■, M) are 
isomorphic, where A{Ll*) is the VB-groupoid associated to {LL*', G, K*■, M). 


Proof. The canonical pairing between D and D* over G is a Lie groupoid morphism D x D* —> 

M where D x D* A x K* is the pullback groupoid of g and g*. Applying the Lie functor 
G Ad 

we get a pairing 

((, )) = A((, )):AD X yi(o*)^M 


which satisfies (iv) and (v) of because (( , )) is itself a vector bundle morphism. To prove 
(i) of take X £ Am and tp £ Am and write 


Ox 


dt 


Lx 




0 
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where the tip is itself a core element in Then 


((0x,</?)) = {lx, tip) 


which proves (i). Likewise, ((A:,oi*^)) = (k,/ c) for k G Km, n G K^- The proof of (hi) is 
similar. 

To show that (( , )) is nondegenerate, take (H; x,X-,m) in AVt, and assume that {{X, H)) = 0 
for all {X;x, K]m) in We first prove that X = 0. Take any ip G and define 

d 


= lv,X) 




dt 


where x = ^gt\Q and 0^*^ is the zero of O* above gt. Using (^) and (|^ we get 

(oW(t^)-\6Tx) = (oW,6) + {m-\ix) = 0 - t{^,x) 

where H = Hence {{X,E)) = —{ip,X). Since ip was arbitrary, we have X = 0 and 

H = H(0)(x) + k for some k G Km- Now take any k G K^ and some {X\x,K]m) in 
Expanding ((H(0)(x) + k,X + 0^)) by (iv) of ^ we get {{X, E)) = {k, k) and so /c = 0. Thus 


so 


is the zero of Hfl —> AG over x. ^ 

This of course extends the pairing of ATG and AT*G given in 


55 ]. Likewise extending 


the notation of ||l^, 5.3] we define Iq,\ A{Q,*) — > by {Iq,{X),E) = ((T’,H)), where X G 

H G A^l. 

Now consider H(Q*) together with the horizontal dual of Hff, namely {A*Q; K*, A; M). 
We define a pairing denoted X , t between ^4(0*) and A*Q- over base K* by 




(18) 


Here X G A{VL*) is to have the form (X;X, k; m) and T G A*Q is to have the form ('L; k, x; m); 
the element H G AQ must then have the form (S; X, x; m). The pairing ( , is the standard 
duality between and AQ-. Using the method of ^ and the properties of (( , )), one proves 
that is nondegenerate and that for ip G A*,x G A,il) G A*G,X G AG, 

tTp,0^:H={^,x) and M(oW)(X),^t =-(V^,X). 

Now define R = A*Q* —> by 

tX,R{R)t = {X,X), 


where X G Hfl*, T G and where the RHS is the standard pairing over K*. Thus we 

have {X,T) = ((TjS)) — {R{tF),E)A, similarly to (II)- The first part of the next result now 
follows from using (despite the apparent inconsistency of signs). 

Proposition 3.8 (i). The map Rff^iA^Q* —>■ is an isomorphism of double vector 

bundles over K* and A with core map —id; A*G ^ A*G. 
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(ii). The map Rq: T*Q* T*Q, defined as in {12, 5.5] in terms of the vector bundle structure 
ofQ, is a groupoid isomorphism over ■ 

As in ll^, 5.5], one may prove that R^^"^ is anti-Poisson with respect to the duals of the 
Lie algebroid structures. R^^'^ is also given by 

R3P<i = (ji O £)-\ (19) 

where is the dual of Iq over K* and £-.A*Vt —> is induced, by the method of 

using the opposite of the pairing ([T^ applied to (All; AG, A; M). This shows that, in a sense, 
R^^'^ and (the inverse of) In are duals. 

We can now describe the duality in 2.12| . Consider a double Lie groupoid {S; H,V; M). 
Applying the Lie functor to each of the £A-groupoids in Figure |^, we obtain Lie algebroids 
A^S = A(AyS) —> AV and A 2 S = A{AhS) —> AH, and both A^S and A 2 S' have double 
vector bundle structures with sides AH and AV and core AC. The canonical involution in the 
iterated tangent bundle T^S' restricts to an isomorphism j = js'- A^S A 2 S which preserves 
AH,AV and AC. See ||T|, §2], 

We begin by giving simple alternative formulas for the prolonged pairings. Define 


f = -.A* {AhS) 


A{A*yS), = j*^ O Ih-. A{A*hS) ^ A%AvS), (20) 


where for example ly refers to the V;B-groupoid AyS and j*^ is the dual of j over AH. 
(Although the roles of H and F in a general double groupoid are interchangeable, the definition 
of j imposes a lack of symmetry.) Then the following are easily proved: 


((A'.2))xH = ((/‘')-‘(V),j(2)), 






( 21 ) 


where X G A(Ay5), H G A^5 are in the same fibre over AH and y G A(A]^5), <1> G A 25 are 
in the same fibre over Al^. 

Using similar techniques and ([T^), we can now prove the following, which extends Theo- 

gpd 


rem 7.3 of |]]J]. Denote R^fi ^ by Rh. 


Proposition 3.9 Let {S] H,V] M) be a double Lie groupoid. Then the duality isomorphisms 
Hh = ^*{AffS) A(Ay5) and Vy = ^*{AyS) A{A*^S) obtained by 

applying Theorem ^A] to S = T*S, are given by 

T>H=j'^°RH, T)y = O Ry. 


Using these isomorphisms, all the usual apparatus available for the Lie algebroid of a Lie 
groupoid can be applied to the duals. 

In the case S = , the maps j'^ and are the map a:TT*M T*TM of 

Tulczyjew |]l^, and Vh and Vy are the map induced by the standard symplectic structure 
on T*M. 

We can finally show that the duality between Lie algebroids and vector bundles with a 
linear Poisson structure extends to a duality between £A-groupoids and structures which 
we will call PV;B-groupoids. 

Definition 3.10 A VVB-groupoid is a VB-groupoid {T;G, E] M) together with a Poisson 
structure on T with respect to which T E is a Poisson groupoid and T ^ G is a Poisson 
vector bundle. 
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Denote the core of T by L. There are now three double structures on T*T. It is a double 
vector bundle (T*T; T, T*; G), a V0-groupoid {T*T;T, A*T; E) and, using and a 
V;B-gronpoid {T*T]T*, A*T; L*). These fit together into a triple strncture as in Figure |5|(a). 
We may apply ^ to the top face using the anchors —> TE and p: T* —> TG and 



(a) (b) 

Fignre 5: 

obtain a map b: L* —> TM, and it then follows that vr^ is a morphism of the triple structures 
inducing and b as corner maps, with identities elsewhere. 

As in ^ the three upper cores have double structures, namely {T*G, A*G,G] M), 
{T*E-,E,E*;M) and {T*L; L, L*; M). For the top face, which is nonstandard, we regard 
the core as T*L, embedded into via the composite o c o R^^ where c is the core 
embedding of T*T*. Each of these donble structnres has core T*M. 

The core maps for two of the upper faces are —a* and —p* and we define the core of the 
top faces to be vrj: T*L TL, giving a Poisson strncture on L. This is a morphism of double 
vector bundles over id^ and b and the Poisson structure is thus linear. We denote by Oag the 
core map E* —> AG of the front faces; because vr^ = a* o a* must be skew-symmetric, the 
core map of the right faces must be —d\Q. Each of these morphisms of core double structures 
induces —b*:T*M —>■ L on its cores. 

We now have Lie algebroid structnres on T*,E* and L*, with anchors p, ac o Oag and 
b. We claim that with respect to these structures, T* is an £.4-groupoid. Consider first 
the target map /?*: T* ^ L*. It commutes with the anchors since p is a groupoid morphism 
over b. Consider ^ G Fg” 1'* and the associated linear map —> M, u i—> {^(qu),u) where 

q = qr-'^ G. Then, from (^), there exists Y G FL* such that P*{^{g)) = Y{f3g) for all 
p G G if and only if there exists Y such that, for all p G G and (p G Lpg, 


= {Y{Pg),^)- 


( 22 ) 


Lemma 3.11 Equation (p^) is equivalent to the condition that, for all g € G,(p (z Lpg, 


(h4)((p0g) = (5^y)(<p)05(g). 


(23) 
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Proof. The RHS refers to the top face of Figure |^(a), where the groupoid structure is 
transported from T*T* Applying {Ry )~^ and recalling how T*L is embedded in 

the top face as its core, this is 




(24) 


where we extended to a section of L and used ||T2|, 6.4]. As in ||l^, 6.4], the second term 
in [...] is the pullback of 6{ip,Y) along ql* to Y{(]g) £ L*. Note that and the groupoid 
multiplication are now in T*T A*T. 

Now, for the cotangent Vi3-groupoid of any Lie groupoid fl A, an expression u) 0^ for 
u) £ T*A, ^ G n, is the pullback along /? of w to Hence {‘M) is the pullback 


/3*r*{Si^{Y{Pg)))-q*^.{/3m^,Y))), 


all at ^{g), and condition (1^) is that this equals, for all g and (f, 




(25) 


where we regard (pOg as the value at g of the pullback section v £ r^T given by v{g') = 
ip{(5g')0gi. Now using (^), we have {v,^){g) = {Y,ip){Pg), and so the two second terms of 
and (H^) are equal. Likewise the two first terms are equal. 

The converse is proved using the same techniques. ^ 


Any ^ G FgT* induces the vector field = 7r'^{6£^) on T (se e [I^ , §6] for example). 
Since is a morphism of the triple structures, a ^ which satisfies (l23D will induce such 
that 

= HY{p')^x(g) (26) 

where x is the anchor vector field on G for 

Now if is a second such section, with projection Yi, we have 


and it follows from the diagram and (]^, (^3]), ( p^ that 

%, 61 (^ 09 ) = {SiYAg^)\,(g),HYip>)Oxig)) = {6iY,ip’),HYig^)) + 0 = {[Y,Y,]{Pg),p,) 

as desired. This proves that the target of T* is a Lie algebroid morphism [|]]. The proof for 
the source is similar. 

To prove that the groupoid multiplication T* * T* —> T* is a Lie algebroid morphism, it 
is sufficient to prove that the bracket of morphic sections is morphic. 


Lemma 3.12 ^ G T^T* is a morphism over some X £ TL* if and only if i^:T M. is a 
morphism; that is, if and only if 

{^{hg),vu) = {^ih),v) + {Cig),u) (27) 

for all compatible v,u £T, where h = qr*{v),g = qr*iu)- 
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Proof. The direct statement is immediate. Assume that (^) holds. For any m G M, we 
know that ^(Im) = lx + ^ for some X G k G E^. Taking any e G put u = u = le- 
Then, using (^), 

{e,k) = (Tx + k,le) = 0 

so fe = 0. We can therefore define X G TL* by ^(Im) = lx(m)- 

Next put V = 'if and u = Og where ip G Lm and f3g = m. Using (I) we have 

(?(9),^0g) = + 0 = {p,X{m)) 

and this shows that (^r*{C{g)) = ^iPd)- Similarly, ^ projects to X under ax*. That ^ preserves 
the multiplications follows quickly. ^ 

For ^ G FgT* a morphism over X G FL* we can now apply the Lie functor to and get 
A{£^): AT —> M which in turn induces a section of A*T E which we denote ^o- (Compare 
llT^ , §5].) The proof of the following lemma is straightforward. 

Lemma 3.13 //^ G FgT* is a morphism over X G FL*, the 1-form 6i^:T —> T*T is a 
morphism overdo. 

It follows that = 7r^((5£^) is a morphic vector field on T over a* o ^ on E. If now rj is 
another morphic section of T*, over Y G FL*, it follows that H^):T —s- M is a 

morphism. 

This completes the proof of the first half of the following result. The converse is proved 
using an adaptation of the above techniques. 

Theorem 3.14 Given a WB-groupoid {T;G, E; M) with core L as above, the dual VB- 
groupoid (T*;G,L*;M) is an CA-groupoid with core E*. 

Conversely, if (Id; G, A; M) is an CA-groupoid with core K, the dual VB-groupoid 
{£1*;G, K*; M) is a WB-groupoid with core A*. 


Example 3.15 For any Poisson groupoid G^^P, the tangent groupoid {TG;G,TP;P) is 
a PV;B-groupoid and induces on its core AG the Poisson structure dual to A*G. (Use [|T^, 
7.3].) Thus its dual {T*G-,G, A*G; P) is the £A.-groupoid used in ||l^ and |1T|. 


We can finally prove Theorem |2.4| . Recall from [17, 4.15] that if G —> G' is a morphism 
of Poisson groupoids then A{p): AG —> AG' is a Poisson map with respect to the Poisson 
structures dual to the Lie algebroid structures on A*G and A*G'. 

It follows that if P) is a Poisson double groupoid, then its £A-groupoid 

{AvS,H, AV] P) is a PVR-groupoid and so, by ^.14 , its dual {AyS]TL, A*C-, P) is an CA- 
groupoid. 
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